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We onsider an atomi quantum dot onned between two weakly-oupled Bose-Einstein onden-
sates, where the dot serves as an additional tunneling hannel. It is shown that the thus-embedded
atomi quantum dot is a pseudospin subjet to an external torque, and therefore equivalent to a
quantum top. We demonstrate by numerial analysis of the time-dependent oupled evolution equa-
tions that this mirosopi quantum top is very sensitive to any deviation from linear osillatory
behavior of the ondensates. For suiently strong dot-ondensate oupling, the atomi quantum
dot an indue or modify the tunneling between the marosopi ondensates in the two wells.
In the eld of ultraold atoms, whose most spetau-
lar ahievement on relatively large sales is Bose-Einstein
ondensation (BEC), not only marosopi systems are
of interest, but also to onne several or even single
atoms into optially reated mirotraps is beoming a po-
tentially important experimental tool of what might be
oined nanobosonis. In nanoeletronis the ontrol of
eletroni quantum dots is performed by biased ondut-
ing leads, attahed to it. In nanobosonis the role of the
leads is played by nite superuid reservoirs of given
partile number, whih an be oupled to a partiular
atom by optial transitions. Trapping and manipulating
single atoms [1, 2℄ opens up new perspetives in the o-
herent ontrol of quantum states, and is of relevane for
quantum omputational tasks [3℄.
It has reently been demonstrated by Reati et al. [4℄
that an atomi quantum dot (AQD) (a single atomi
two-level system), optially oupled to a superuid BEC
bath, an be mapped onto the spin-boson model. This
system then exhibits a dissipative quantum phase transi-
tion, harateristi of this model [5℄. Here, we study suh
a spin-boson model, but with a time-dependent bath: An
AQD loated inside a Bose Josephson juntion (BJJ),
i.e., a single bosoni atom oupled to two superuid reser-
voirs. The setup under onsideration is shematially de-
pited in Fig. 1. The Bose-Einstein ondensate is trapped
by the double-well potential VBEC(r). The atom of the
dot, whih is in a hyperne state dierent from that of the
ondensate, is onned by a very tight potential VAQD, to
whih ondensate atoms are insensitive, and whih auses
a large gap for double oupation of the dot. The ou-
pling of the dot to the ondensates in the wells is per-
formed in a tunable way via a Raman transition [4℄. Due
to their oherent nature, the weakly-oupled ondensates
exhibit quantum tunneling [6℄. In the present paper, we
investigate the mutual inuene of the indued onven-
tional Josephson osillations between the two wells and
the AQD, whih provides an additional tunneling han-
nel. We demonstrate, by numerially solving the time-
dependent oupled evolution equations of AQD and on-
densates, that this additional hannel an in ertain ases
diretly aet the marosopi Josephson tunneling.
The Hamiltonian of our system onsists of three parts
H = Hcond +Hdot +Hcoupl. (1)
We will rst desribe these three parts in turn. The part
Hcond haraterizes the double-well trapped BEC:
Hcond =
∫
dr
{
Ψ∗(r, t)
[
−
~
2
2m
∇2 + VBEC(r)
]
Ψ(r, t)
+
1
2
g|Ψ(r, t)|4
}
, (2)
where Ψ(r, t) is the ondensate wavefuntion and m the
atomi mass. We assume that at low energies the inter-
partile interation is given by the usual pseudopotential
V (r − r′) = gδ(r − r′), where g = 4pi~2as/m, and as
is the s-wave sattering length. The ondensate is de-
sribed within Gross-Pitaevski theory, suiently au-
rate at the very low temperatures we are onsidering [7℄.
For the present dilute bosoni gas of nite extent, the
quantum tunneling between the two wells is adequately
FIG. 1: [Color online℄ An atomi quantum dot between two
weakly-oupled ondensates, trapped in a double-well poten-
tial VBEC. The dot is a simple two-level system ≡ single
atom present/not present and is reated by the tight potential
VAQD, loated at the position of the top of the barrier. Atoms
an be exhanged between wells either by diret tunneling
(dashed arrows) or via the dot, oupled to the ondensates by
a transfer matrix T .
2desribed within a two-mode approximation [8, 9℄; one
expands VBEC(r) around eah minimum, and introdues
the loal mode solution, φ1,2(r), for eah well sepa-
rately. In rst approximation the two modes an be
onsidered to be orthogonal,
∫
drφ1(r)φ2(r) = 0. The
two-mode approximation then results in the following
ansatz for the total ondensate wavefuntion (Ψ1,2(t) =√
N1,2(t)e
iθ1,2(t)):
Ψ(r, t) = Ψ1(t)φ1(r) + Ψ2(t)φ2(r). (3)
Sine we are interested in tunneling events, i.e., in the
time dependene of the wavefuntions Ψ1,2(t), it is on-
venient to write Hcond in the form
Hcond =
∑
i=1,2
E0i |Ψi(t)|
2 + Ui|Ψi(t)|
4
−κ(Ψ∗1 (t)Ψ2(t) + Ψ
∗
2 (t)Ψ1(t)), (4)
where E0i =
∫ [
− ~
2
2m | ∇φi(r) |
2 +|φi(r)|
2VBEC(r)
]
dr
are the zero-point energies in the wells 1 and 2, re-
spetively, the eetive on-site interation between the
partiles is given by Ui = g
∫
|φi(r)|
4 dr, and nally
κ = −
∫
[ ~
2
2m (∇φ1(r)∇φ2(r)) +φ1(r)VBEC(r)φ2(r)]dr de-
notes the oupling matrix element [9℄.
The Hamiltonian of the dot itself is given by
Hdot =
∫
dr[−~δdˆ†(r, t)dˆ(r, t)
+
Udd
2
dˆ†(r, t)dˆ†(r, t)dˆ(r, t)dˆ(r, t)].
(5)
We assume that the dot operator fatorizes aording
to dˆ(r, t) = dˆ(t)φd(r), where φd(r) is the spatial wave
funtion of the atom on the dot normalized to unity,∫
dr|φd(r)|
2 = 1. The repulsive interation between the
dot atoms we onsider to be muh larger than any other
energy sales in the system, Udd →∞. The dot an then
be desribed as a two-state system, the two states being
that an atom is or is not trapped inside the dot. Finally,
the dot interats with the ondensate as follows
Hcoupl = gdc
∫
dr|Ψ(r, t)|2dˆ†(r, t)dˆ(r, t)
+ ~Ω
∫
dˆr(Ψ∗(r, t)dˆ(r, t) + h.c.).
(6)
Here, gdc is the dot-ondensate interation onstant, and
the seond term desribes the oupling of the ondensate
atoms to the lowest vibrational state in the AQD via a
Raman transition with harateristi Rabi frequeny Ω.
Spontaneous emission is suppressed by a large detuning
from the exited eletroni states, whih is absorbed into
the eetive dot energy ~δ [4℄.
To represent the evolution equations following
from the Hamiltonian (1) in a physially trans-
parent form, we introdue a new set of pa-
rameters Uid = gdc
∫
dr|φi(r)|
2|φd(r)|
2
, U12d =
gdc
∫
drφ1(r)φ2(r)|φd(r)|
2
, and Ti = ~Ω
∫
drφi(r)φd(r),
with U12d = U
∗
12d and Ti = T
∗
i . In the single-oupation
limit, the temporal wavefuntion of the dot is just a su-
perposition of singly and non-oupied states, |Ψd(t)〉 =
α0(t)|0〉+ α1(t)|1〉, where |α0|
2 + |α1|
2 = 1. The dot op-
erators then orrespond to Pauli matries: dˆ(t)→ σˆ−(t)
and dˆ†(t) → σˆ+(t), introduing the pseudo-spin ladder
operators σˆ± =
1
2 (σˆx ± iσˆy) in terms of the Pauli matri-
es σˆx,y,z. We an thus write for the oupling term
Hcoupl =
∑
i=1,2
[
Uid|Ψi|
2 + (U12dΨ
∗
1Ψ2 + h.c.)
] 1 + σˆz(t)
2
+ {TiΨiσˆ+(t) + h.c.} (7)
One an now derive the oupled equations of motion for
the ondensate (3) and the spin s(t) = 〈Ψd(t)|σˆ|Ψd(t)〉 =
〈Ψd|σˆ(t)|Ψd〉, from the total Hamiltonian Eq. (1). The
equations for the ondensate are
i~∂tΨ1 =
[
E01 + U1N1(t) + U1dnd(t)
]
Ψ1
+(U12dnd(t)− κ)Ψ2 + T1s−,
i~∂tΨ2 =
[
E02 + U2N2(t) + U2dnd(t)
]
Ψ2
+(U12dnd(t)− κ)Ψ1 + T2s−, (8)
while the dot equations are
i~∂ts− = [−~δ + U1dN1(t) + U2dN2(t) + U12dΨ
∗
1Ψ2
+U12dΨ
∗
2Ψ1] s− − (T1Ψ1 + T2Ψ2)sz ,
i~∂tsz = 2(T1Ψ
∗
1 + T2Ψ
∗
2 )s− − 2(T1Ψ1 + T2Ψ2)s+. (9)
It is easily veried that the Eqs. (9) an be written in the
vetor form of a Bloh equation
~∂ts = ω(t)× s, (10)
where the time-dependent frequeny vetor reads
ω(t) =

 2T1
√
N1(t) cos θ1(t) + 2T2
√
N2(t) cos θ2(t)
−2T1
√
N1(t) sin θ1(t)− 2T2
√
N2(t) sin θ2(t)
−~δ + U1dN1(t) + U2dN2(t) + ω12(t) cosφ(t)

.
(11)
where ω12(t) = 2U12d
√
N1(t)N2(t) and φ(t) = θ2(t) −
θ1(t). It follows that the AQD inside the BJJ is equiva-
lent to a quantum top. In the ase of time-independent
ω, Eq. (10) an be solved analytially. The presene of
Josephson tunneling between the ondensates however
generally results in a time-dependent ω = ω(t), and the
equations need to be solved numerially [10℄.
For simpliity, in what follows we onsider the ase of
a fully symmetri system: E01 = E
0
2 ≡ 0, U1 = U2 ≡ U ,
U1d = U2d, T1 = T2 ≡ T , U12d = U21d. In order to om-
pare our results with previous work on BJJ [9℄, we intro-
due dimensionless parameters: t → 2κt, Λ = UN0/κ,
where N0 = N1(0) + N2(0) is the initial total number
of partiles in the ondensates; note that the onserved
3FIG. 2: Results for weak oupling Trel = 0.01 (N0 = 1500
throughout Figs. 24, as used in experiment [13℄) and Λ = 10.
n(0) = 0 (Fig.2a  solid line), n(0) = 0.5 (Fig. 2a  dashed
line). Fig. 2b displays the dot oupation for n(0) = 0; Fig. 2
shows the preessional behaviour of ω (in units of 2κ), and
Fig. 2d the orresponding spin nutation for n(0) = 0.
FIG. 3: Condensate in the self-trapped MST state, n(0) =
0.8, Λ = 10, Trel = 0.01. Relative population osillations are
shown in Fig. 3a, and the dot oupany in Fig. 3b. In Fig. 3,
we display the projetion of the frequeny ω (10) on the x−y
plane in units of 2κ, and in Fig. 3d the pseudospin.
quantity is Ntot = N1(t) + N2(t) + nd(t). For numeri-
al onveniene, we x the dot energy at ~δ = 2κ. In
addition, the interations between AQD and ondensate
U1d/(2κ) and U12d/(2κ) are assumed to be vanishingly
small (U1d ≪ U , U12d ≪ U), and ωz ≃ −~δ = onst. Our
main parameters are then the dimensionless strength of
oupling of dot to ondensate Trel = T/κ, quantifying the
relative importane of tunneling hannels via dot and di-
retly by onventional Josephson tunneling, respetively;
and Λ, measuring the relative importane of mean-eld
interation in and tunneling between the wells.
In the following, we present results for the frational
population imbalane
n(t) =
N1(t)−N2(t)
N0
, (12)
the oupation of the dot nd(t) and the trajetories of
the pseudospin s on the Bloh sphere, as well as the
projetion of the frequeny-vetor ω on the x− y plane.
We rst onsider the situation when the dot does not
have a notable eet on the tunneling between the wells
(Figs. 2 and 3); we x Λ = 10, and only hange the initial
ondition for the partile imbalane, n(0). The most sim-
ple situation is the stationary one of an initial population
imbalane n(0) = 0 and initial phase dierene φ(0) = 0
(for deniteness in all gures nd(0) = 1, i.e., there is
initially exatly one atom in the dot). These onditions
result in an AQD oupled to a time-independent BEC [4℄,
i.e., to the problem of a spin in a onstant magneti eld,
however without dissipation. The pseudospin generally
undergoes nutation (also if we put n(0) = 0.5  Fig. 2a
 dashed line), as shown in Fig. 2d, while the vetor ω
preesses, Fig. 2. However, there is an exeption to this
general behavior: For Λ = 1, n(0) = 0 there ours a sim-
ple preession of the pseudospin [12℄ (not shown), while
the oupation of the dot exhibits linear osillations. For
Λ 6= 1 the preession is lost, an eet due to the nite
number of partiles in the system.
The fat that Ntot is a nite quantity onstitutes one
major dierene to the system of a single spin oupled
to superonduting leads onsidered in [11℄. Further-
more, while deviation from simple preessional behavior
also ours in that system, the eetive frational pop-
ulation imbalane n(t) is essentially zero. Regimes re-
lated to large n(t) of order unity, to be disussed below,
are thus not aessible for the superonduting Joseph-
son juntion  single spin system. In addition, the tun-
neling (quasi-)partiles are treated as noninterating in
the latter ase. Here, by ontrast, inluding interations
between the fundamental bosons is ruial. In partiu-
lar, as a onsequene of interations, and as disussed
in detail in [8, 9℄, depending on Λ and the initial on-
ditions, a ondensate in a double-well potential an ex-
hibit a novel quantum state  marosopi self-trapping
(MST), suessfully observed experimentally [13℄. MST
is only present for the self-interating matter waves, and
is haraterized by a nonzero time average of the popu-
lation imbalane n(t). The transition to the MST state
is a gradual rossover, and we observe that our quantum
top is very sensitive to this rossover. In the plots of
Fig. 2, far away from the self-trapped state, the oupling
strength Trel does not inuene in a qualitative way the
behavior of the quantum top. The pseudospin behavior
however drastially hanges as we approah MST It ap-
pears that the AQD is sensitive to the deviation from
linear osillatory behavior of the ondensates ourring
in this regime. The linear osillation of the dot ou-
pation is then destroyed (Fig. 3b), and the pseudospin
4FIG. 4: [Color online℄ Results for a pi-juntion. In Fig.4a,
self-trapped MST state with n(0) = 0.6, Λ = 1.25; deoupled
dot, Trel = 0 (blak dashed line); Trel = 0.1 (thik red line),
Trel = 1 (thin wavy blue line); the pseudospin then nutates,
Fig. 4 (Trel = 0.1). The AQD indues strong modiations
both for small osillations between wells and in the MST state,
Figs. 4b and 4d; n(0) = 0.01, and Trel = 0 (dotted urve),
Trel = 1 (solid urve). Weak interation oupling, Λ = 0.1 in
Fig. 4b, strongly oupled MST state, Λ = 1.1, in Fig. 4d.
undergoes multiple-frequeny rotations (Figs. 3 and 3d).
In the MST state, the pseudospin an thus behave in a
rather irregular manner already for small values of the
relative oupling Trel.
There is another potentially interesting regime, whih
ours when the eet of the dot on the tunneling be-
tween the wells beomes signiant (Fig. 4), i.e., with
inreasing value of the oupling to the wells Trel. Con-
sider, for instane, a pi-juntion [9℄, φ(0) = pi, n(0) = 0.6,
Λ = 1.25 (Fig. 4a, dashed line). The oupling to the dot
leads to small osillations between the wells (results for
dierent Trel are shown in Fig. 4a), and the pseudospin
undergoes nutation, as apparent from Fig. 4. For weak
interations (in the so-alled Rabi regime [6, 9℄) and very
small partile imbalane, the eet of the dot beomes
more pronouned (Fig. 4b). When the oupling to the dot
is very weak, we observe the nutation of s and preession
of ω. Inreasing Trel leads to signiant modiations of
the tunneling piture (Fig. 4b, solid line), with strongly
non-sinusoidal osillations of the population imbalane.
Finally, we observe that, hanging Trel from small to large
values, the dot an swith the BJJ from the MST state
to a small population imbalane state (Fig. 4d).
In onlusion, we have shown that two weakly-oupled
ondensates, with an AQD situated at the loation of
the top of the barrier between them, an exhibit several
regimes of osillatory behavior. The AQD behaves as a
quantum top whose behavior is very sensitive to the tun-
neling mode between the ondensates. Even for small
ouplings and stationary ondensates the spin of the
dot nutates, an eet due to the nite number of parti-
les in the system, whih vanishes for an innite system.
Nutation is a harateristi feature of the quantum top in
regimes far away from the MST state. Conversely, mov-
ing towards the self-trapped regime, we obtain strong de-
viations from nutational behavior, and the quantum top
motion beomes strongly irregular. However, when the
AQD itself modies in a signiant way the osillations
between the wells, nutation an emerge also in a MST
state. Finally, the dot an at as a swith for the BJJ
from MST to small population imbalane osillations.
We treated the ondensate on a mean-eld level. In
future studies, it would be of interest to study the in-
uene of ondensate quantum utuations on the AQD
[14℄, in the limiting ase that the dot provides the domi-
nant tunneling hannel between the ondensates.
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